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Abstract 

In this paper, we study the set of homogeneous geodesies of a left- 
invariant Finsler metric on Lie groups. We first give a simple criterion that 
characterizes geodesic vectors. As an application, we study some geomet- 
ric properties of bi-invariant Finsler metrics on Lie groups. In particular 
a necessary and sufficient condition that left-invariant Randers metrics 
are of Berwald type is given. Finally a correspondence of homogeneous 
geodesies to critical points of restricted Finsler metrics is given. Then 
results concerning the existence homogeneous geodesies are obtained. 
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1 Introduction 

A classical problem of differential geometry is to study geodesies of Rieman- 
nian manifolds {M,g). Of particular interest are geodesies with some special 
properties, for example homogeneous geodesies. A geodesic of a Riemannian 
manifold (M, g) is called homogeneous if it is an orbit of a one-parameter group 
of isometrics of M. For results on homogeneous geodesies in homogeneous Rie- 
mannian manifolds we refer to [8], [14], [12], [11]. 

Homogeneous geodesies have important applications to mechanics. For exam- 
ple, the equation of motion of many systems of classical mechanics reduces to 
the geodesic equation in an appropriate Riemannian manifold Af . 
Geodesies of left-invariant Riemannian metrics on Lie groups were studied by 
V. I. Arnold extending Euler's theory of rigid-body motion [1]. A major part 



of V. I. Arnold's paper is devoted to the study of homogeneous geodesies. Ho- 
mogeneous geodesies are called by V. I. Arnold "relative equilibriums ". The 
description of such relative equilibria is important for qualitative description of 
the behavior of the corresponding mechanical system with symmetries. There 
is a big literature in mechanics devoted to the investigation of relative equilib- 
ria. Homogeneous geodesies are interesting also in pseudo-Riemannian geometry 
and light-like homogeneous geodesies are of particular interest. For results on 
homogeneous geodesies in homogeneous pseudo-Riemannian manifolds we refer 
for example to [18], [19], [21], [7], [3], [6]. In [18], [21] and [7], the authors study 
plane-wave limits(Pcnrose limits )of homogeneous spacetimes along light-like 
homogeneous geodesies. 

About the existence of homogeneous geodesies in a general homogeneous Rie- 

mannian manifold, we have, at first, a result due to V. V. Kajzcr who proved 
that a Lie group endowed with a left-invariant Riemannian metric admits at 
least one homogeneous geodesic [10]. More recently O. Kowalski and J. Szen- 
the extended this result to all homogeneous Riemannian manifolds [13]. An 
extension of result of [13] to reductive homogeneous pseudo-Riemannian man- 
ifolds has been also obtained [21], [6]. Homogeneous geodesies of left-invariant 
Lagrangians on Lie groups were studied by J. Szenthc [24]. In this paper, we 
study the set of homogeneous geodesies of a left-invariant Finsler metric on Lie 
groups. 

2 Preliminaries 
2.1 Finsler spaces 

In this section, we recall briefly some known facts about Finsler spaces. For 
details, see [2], [23], [4]. 

Let M be a n-dimensional C°° manifold and TM = Uxgm ^x-^ the tangent 
bundle. If the continuous function F : TM — > i?+ satisfies the conditions 
that it is on TM \ {0}; F{tu) = tF{u) for alH > and u G TM, i.e, F is 
positively homogeneous of degree one; and for any tangent vector y e TxM\{0}, 
the following bilinear symmetric form gy : T^M xT^M — > R is positive definite 



9y{u,v) = --^^[F'^{x,y + su + tv)]\ 



s- 



:t=0) 




By the homogeneity of F, we have 
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Let 7 : [0, r] — > M be a piecewise C°° curve. Its integral length is defined 

as 

Hi)= r F(j(t),j{t))dt. 

Jo 

For xo, Xi G M denote by r{xo,xi) the set of all piecewise C°° curve 7 : [0, r] — > 
M such that 7(0) — xq and -f{r) = xi. Define a map dp ■ M x M — > [0, 00) by 

dF{xo,Xi)= inf L(7). 
7er(xo,xi) 

Of course, we have dF{xo,xi) > 0, where the equality holds if and only if 
Xo = xi; dp{xo, X2) < dp{xQ, xi) + dp(xi, X2). In general, since F is only a 
positive homogeneous function, dp{xo,xi) ^ dp{xi,xo), therefore {M,dp) is 
only a non-reversible metric space. 

Let 7r*TM be the pull-back of the tangent bundle TM by tt : TM \ {0} — > 
M. Unlike the Levi-Civita connection in Riemannian geometry, there is no 
unique natural connection in the Finsler case. Among these connections on 
1T*TM, we choose the Chern connection whose coefficients are denoted by 
r*;.(see[2,p.38]). This connection is almost (7— compatible and has no torsion. 
Here g{x, y) = gij {x, y)dx'^ dx^ = {^F'^)yiyj dx'' (g) dx^ is the Riemannian metric 
on the pulled-back bundle ■n*TM. 

The Chern connection defines the covariant derivative DyU of a vector field 
U G x{M) in the direction V G TpM. Since, in general, the Chern connection 
coefficients j, in natural coordinates have a directional dependence, we must 
say explicitly that DyU is defined with a fixed reference vector. In particular, 
let a : [0,r] — > M be a smooth curve with velocity field T = T{t) = &{t). 
Suppose that U and W are vector fields defined along a. We define DtU with 
reference vector W as 



DtU 



dTP 



dx^ 



A curve a : [0, r] — > M, with velocity T = a is a Finslerian geodesic if 



D^ 



F{T) 



, with reference vector T. 



We assume that all our geodesies a{t) have been parameterized to have con- 
stant Finslerian speed. That is, the length F{T) is constant. These geodesies 
are characterized by the equation 

DtT = , with reference vector T. 

Since T = ^ ^ , this equation says that 

d'a^ da^da'' , _ 
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If U, V and W arc vector fields along a curve a, which has velocity T = &, 
we have the derivative rule 

^flw {U, V) = {DtU, V) + [U, DtV) 

whenever DtU and DtV are with reference vector W and one of the following 
conditions holds: 

i) U or V is proportional to W, or 

ii) W=T and ct is a geodesic. 

2.2 Left-invariant Finsler metrics on Lie groups 

Let G be a connected Lie group with Lie algebra g = TgC. We may identify 
the tangent bundle TG with G x g by means of the diffeomorphism that sends 
{g,X) to {Lg),XeTgG. 



Definition 2.1 A Finsler function F 
if F is constant on all G-orbits in TG 
all g £ G and X £ q. 



: TG — > R+ will be called G-invariant 
= Gx q; that is, F{g, X) = F{e, X) for 



The G-invariant Finsler functions on TG may be identified with the Minkowski 
norms on q. Ii F : TG — > is an G-invariant Finsler function, then we may 
define F : q — > R+ by F{X) = F{e,X), where e denotes the identity in G. 
Conversely, if we are given a Minkowski norm F : q — > then F arises from 
an G-invariant Finsler function F : TG — > -R-i- given by F{g, X) = F{X) for 
all {g,X)GGxQ. 

Let G be a connected Lie group, L : GxG — > G the action being defined by the 
left-translations Lg : G — > G, g € G and TL : G x TG — > TG the action given 
by the tangent linear maps TLg : TG — > TG, g & G oi the left-translations. 
A smooth vector field X : TG — {0} — > TTG is said to be left-invariant if 

TTLg oXo TLg'^ = X VgeG. 

By a classical argument of calculus of variation we have the following proposi- 
tion. 

Proposition 2.2 If F : TG — > R+ is a left-invariant Finsler metric then its 
geodesic spray X is left-invariant as well. 

3 Homogeneous geodesies of left invariant Finsler 
metrics 

Definition 3.1 Let G be a, connected Lie group, g = T^G its Lie algebra iden- 
tified with the tangent space at the identity element, F : q — > a Minkowski 
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norm and F the left-invariant Finsler m,etri,c induced by F on G. A geodesic 
7 : -R+ — > G is said to he homogeneous if there is a Z G q such that 
7(t) = exp{tZ)^{0), t e R+ holds. A tangent vector X e Tf,G — {0} is said to 
be a geodesic vector if the l-parameter subgroup t — > exp{tX), t G R+, is a 
geodesic of F. 

The geodesic defined by a geodesic vector is obviously a homogeneous one. 
Conversely, let 7 be a geodesic with 7(0) = g which is homogeneous with respect 
to a l-parameter group of left-translations, namely 

7(t) = exp{tY)g, t e R+, 

then a homogeneous geodesic 7 is given by 

7(t) = L-^o-f{t) = L-^oRgoexp{tY) 

= exp{Ad{g-'^)tY).e = exp{Ad{g-'^)tYfi{Qi), 

which means that X = Ad(g~^)Y is a geodesic vector. 

For results on homogeneous geodesies in homogeneous Finsler manifolds we refer 
to [16] . The basic formula characterizing geodesic vector in the Finslerian case 

was derived in [16], Theorem 3.1. In the following theorem we present a new 
elementary proof of this theorem for left invariant Finsler metrics on Lie groups. 

Theorem 3.2 Let G be a, connected Lie group with Lie algebra g, and let F be 
a left-invariant Finsler metric on G. Then X e g — {0} is a geodesic vector if 
and only if 

gx{X,[X,Z]) = 

holds for every Z G q. 

Proof: Following the conventions of [9] a left-invariant vector field associated to 
an element X in T^G is denoted by X : G — > TG; that is X^ = L^^X. For 
any left invariant vector fields X,Y, Z on G, we have 

Ygj^{Z,X)=g^{DYZ,X)+g^{Z,DYX) with reference X (1) 

Similarly, _ _ _ _ _ _ _ 

Zg^{Y, X) = g^iD^Y, X) + g^{Y, D^, X) (2) 

Xg^{Z,X) = g^{D^Z,X) + g^{Z,D^,X) (3) 

All covariant derivatives have X as reference vector. 
Subtracting (2) from the summation of (1) and (3) we get 

gx{Z,D^^yX)-tg^{X-Y,D^X) = Y g^{Z ,X) - Zg^{Y ,X) + Xg^{Z,X) 

-g^{[Y,Z],X)-g^{[X,Z],X), 
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where wc have used the symmetry of the connection, i.e., D^X — D^Z = [Z, X]. 
Set Y = X — Z in the above equation, we obtain 

2g^{Z,D^X) = 2Xg^{Z,X) - Zg^{X , X) - 2g^{[X , Z], X). (4) 

Since F is left-invariant, dL^ is a linear isometry between the spaces T^G = q 
and T^G, Vx e G. Therefore for any left-invariant vector field X,Z on G, we 
have _ _ 

g^{Z,X)=gx{Z,X) 

i.e., the functions gj^{Z,X) , gj^{X,X) are constant. Therefore from (4) the 
following is obtained 

g^{Z,D^X) U=-g^{[X,Z],X) -gxi[X, Z], X). 

Consequently the assertion of the theorem follows. □ 

The following Proposition is well known for left-invariant Ricmannian metrics. 

Proposition 3.3 Let G be a connected Lie group furnished with a left-invariant 
Finsler metric F. Then the following are equivalent, 

1. F is right-invariant, hence bi-invariant. 

2. F is Ad{G)— invariant. 

3. gY{[X,U],V)+gY{U,[X,V])^2CY{[X,Y],U,V) = 0, V Y & q-{Q},X,U,V e 
Q, where Cy is the Cartan tensor of F at Y. 

If the Finsler structure F is absolutely homogeneous, then one also has. 

4-. The inversion map g > g^^ is an isometry of G. 

Proof: The equivalence of the first two assertion is routine, and we omit the 
details. The equivalence between (1) and (3) is a result of S. Deng and Z. 
Hou [5]. If F is absolutely homogeneous, one can check quite easily that (4) is 

equivalent to (!).□ 

Corollary 3.4 If G is a Lie group endowed with a bi-invariant Finsler metric, 
then the geodesies through the identity ofG are exactly one-parameter subgroups. 

Proof: Since F is bi-invariant, we have 

gY{[X, U],V)+ gY{U, [X, V]) + 2Cy{[X, Y], U,V)=0 

V y e — {0},X,U,V e q. it follows from the homogeneity of F that 
Cy{Y, V, W) = 0. So we have 

gY{[X,Y],Y) = 0. 
The result now follows from the Theorem 3.2.0 

A connected Finsler space (M, F) is said to be symmetric [15] if to each p G M 
there is associated an isometry Sp : M — > M which is 
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(i) involutive (s^ is the identity). 

(ii) has p as an isolated fixed point, that is, there is a neighborhood U oi p in 

which p is the only fixed point of Sp. 

Sp is called the symmetry of the point p. 

Theorem 3.5 Suppose G is a Lie group with a bi-invariant absolutely homo- 
geneous Finsler metric, then G is a symmetric Finsler space. 

Proof: Consider the smooth mapping / : G — > G, f : x — > x~^. Then 
/* : Tf,G — > Tf,G maps a vector ^ e T^G to — ^; in particular, df is an isometry 
of = TeG. Clearly, / = Rg-ifLg-i. Therefore, dfg : TgG — > Tg-iG is an 
isometry for any g G G. 

Let Sg{x) = gx~^g, g,x € G. The mapping Sg is an isometry. because 
Sg = RgfRg-i. Thus, Sg is an isometry of G, obviously fixing the point g. Fur- 
thermore, Sg(a;) = g{gx^^g)'^g = x. To show that Sg is the symmetry used in 
the definition of a symmetric Finsler space, it suffices to show that (sg)*^ = — ^ 
whenever ^ e TgG. 

Let us start with the case g = e. Let ^ = ^7(t)|t=o G TgG where j{t) is a one- 
parameter subgroup of G. Then j{t)~^ = j{—t), and (se)*5 = ^ \t=o 7(— i) = 
— ^. Now, if ^ is in T^G for an arbitrary g € G, then dsg = dRgdfdRg-i, so 

dSg{^) = dRg{df{dRg-liO)) = dRg{- dRg- 1 i^)) = 
□ 

Let M be a smooth n-dimensional manifold, a Randers metric on M consists 
of a Riemannian metric a = ttijdx^ (8) dx^ on M and a 1-form b = bidx'^, [2], [22]. 
Here a and b define a function F on TM by 

F{x, y) = a{x, y) + p{x, y) x G M,y G T^M 

where a{x,y) = ^foijif^ , (3{x,y) = bi{x)y^. F is Finsler structure if ||&|| = 
y/bib^ < 1 where V = a^^bj, and (a*-') is the inverse of (oy ). The Riemannian 
metric a = aijdx^ (g) dx^ induces the musical bijections between 1-forms and 
vector fields on M, namely b : T^M — > T*M given by y — > ax{y,o) and its 
inverse jj : T*M — > T^M. In the local coordinates we have 

{e>>y = a'^Oj e e t*m 

Now the corresponding vector field to the 1-form b will be denoted by 6", obvi- 
ously we have 

||6|| = II and ^(x, y) = (6")^^) = a^ib''^, y). Thus a Randers metric F with 
Riemannian metric a = atjdx^ dx^ and 1-form b can be showed by 

F{x,y) = VMy^y) +Sx(6",t/) xeM,yeT:,M 
where a^Cft", 6") < 1 Va; e M. 
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Let F{x,y) = ^/a^^{y~y) +ax{X,y) he a left invariant Randcrs metric. It is 
easy to check that the underlying Riemannian metric a and the vector field X 
are also left invariant. 

Theorem 3.6 Let G be a Lie group with a left-invariant Randers metric F 

defined by the Riem,annian metric a = Tiijdx^ ®dx^ and the vector fi,eld, X . Then 
the Randers metric F is of Berwald type if and only if adx is skew-adjoint with 
respect to a and a{X, [g, g]) = 0. 

Proof: For all Y,Z <Eq, 

2a(r, VzX) = a(Z, [F, X]) + [Y, Z]) - a{Y, [X, Z]). (5) 
where V is the Levi-Civita connection of (M,a). 

If adx is skew- adjoint, then first and last terms of (5) sum to 0. If additionally 
a(X, [g,0]) = 0, then the middle term is also 0. So V zX ~ for all Z G q, 
which means that X is parallel. By theorem 11.5.1. of [2] the Randers metric 
is of Berwald type if and only if X is parallel with respect to a. 
Conversely, assume that the Randers metric is of Berwald type, so the left side 
of (5) equals for ah Y, Z € g. When Y = Z, this yields 2a{Y, [Y,X]) = for 
all Y £ Q, which implies that adx is skew-adjoint. This property makes the first 
and third terms of (5) sum to zero, so a{X, [Y, Z]) = for all Y,Z & q. In other 
words a{X, [fl,fl]) = O.D 

By a simple modification of the previous procedure, we can easily obtain the 
following. 

Theorem 3.7 Let [M = jj^F) be a homogeneous Randers space with F defined 
by the Riemannian metric a and the vector field X . Let m be the orthogonal 
complement oft) in g with respect to the inner product induced on q by a. Then 
the Randers metric F is of Berwald, type if and, only if {adx)^ skew-adjoint 
anda{X, [m, m]m) — 0, where (adx)^ denotes (adjc)^ : m — > m, {adx)^ (y) = 
[X,yU. 

Theorem 3.8 Let G be a Lie group with a bi-invariant Randers metric F de- 
fined by the Riemannian m,etric a = aijdx"^ (g) dx^ and the vector field X. Then 
the Randers metric F is of Berwald type. 

Proof: Let F{p,y) = ^Jap{y,y) + ap{X,y). 
Now for s,t e R 

F^ {y -\- su tv) = a{y -\- su + tv,y + su -\- tv) -\-a^ {X,y + su + tv) 
-^2\/a{y + su + to, y + SM + tv)a{X, y + su + tv) 

By definition 

1 

So by a direct computation we get 
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gy{u,v) = a{u,v) + a{X,u)a{X,v) 

^ a{u,v)a{X,y) _ a{v,y)a{u,y)a{X, y) 

\/a{,y,y) a{y,y)^/a{y,y) 
^ a(X, v)a{u, y) ^ a{X, u)a{v,y) 

V^iy, y) V"-{y, y) 

So for all y, z e we have 

9y{yAy^z\) = a{y,[y,z\)+a{X,y)a{X,[y,z\) 

a{y,[y,z])a{X,y) , ^ T 

+ , + a{X, [y, z])^/a{y, y) 

VO'{y,y) 

V va{y^y)J 

+a{X, [y, z]) (aiX, y) + ^/a{y,y)) . 

So we have 

gy{y,[y,z]) = a{y,[y,z\) (^M=\ +Z{X,[y,z])F{y) (6) 

Since a is bi-invariant, a{y, [y, z]) = Q and ad{x) is skew-adjoint for every x & Q. 
Since F is bi-invariant, gy{y-, [y, z\) = 0. So Prom (6) we get a{X, [y, z]) = for 
all y,z G g. Therefore, by Theorem 3.6, we see that (G, F) is of Berwald type.D 

Corollary 3.9 Let G be a Lie group with a left-invariant Randers metric F 
defined by the Riemannian metric a = Uijdx^ (g) dx^ and the vector field X. If 
the Randers metric F is of Berwald type then X is a geodesic vector. 

The following lemma can be found in [20, p. 301]. 

Lemma 3.10 (Milnor) Let G be a Lie group endowed with a left-invariant Rie- 
mannian metric a. If x G Q is a— orthogonal to the commutator ideal [q,2], then 
Ricci{x) < 0, with equality if and only if adx is skew-adjoint with respect to a. 

Corollary 3.11 Let G be a Lie group with a left-invariant Randers metric F 
defined by the Riemannian metric a — aijdxi ® dxj and the vector field X. If 
the Randers metric F is of Berwald type then the Ricci curvature of a in the 
direction u = , ^ is zero. 

y/a{X,X) 

Proof: The corollary is a direct consequence of Theorem 3.6 and Lemma 3.10 . 
□ 
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4 Homogeneous geodesies and the critical points 
of the restricted Finsler function 



Let G be a connected Lie group, g = Tf.G its Lie algebra. Ad : G x g — > g 
the adjoint action, G{X) = {Ad(g)X \ g E G} C g the orbit of an element 
X E g and Gx < G the isometry subgroup at X. The set of left-cosets of 
Gx endowed with its canonical smooth manifold structure admits the canonical 
left-action 

G G 

A:Gx— >— {g,aGx) — > gaGx, 

which is also smooth. Moreover, a smooth bijection p : — > G{X) is defined 
by p{aGx) = Ad{a)X which thus yields an injective immersion into g which is 
equivariant with respect to the actions A and Ad. 

Now consider a Minkowski norm F : g — > R, then F defines a left-invariant 
Finsler metric on G by 

F{x, U) = F{dL^-iU), U e T^G, 

where : G — > G is the left translation by x € G. Let Q{Z) = F'^{Z), 
Z G g. Using the formula F{Z) = ^/gz{Z, Z), we have Q{Z) = gz{Z, Z). 
The smooth function q = Q o p : ^ — > R will be called the restricted 
Minkowski norm on -S- . 

In the following, wc give an extension of results of [25] to left-invariant Finsler 
metrics. We use some ideas from [25], [26] in our proofs. 

Theorem 4.1 Let G be a connected, Lie group and F a Minkowski norm on 
its Lie algebra g. For X E g — {0} let U Eg be such that X E G{U) for 
the corresponding adjoint orbit and let gGjj E be the unique coset with 
p{gGu) = X. Then X is a geodesic vector if and only if gGu is a critical point 
of q = Q o p the restricted Minkowski norm on . 

Proof: The coset gGu is a critical point of q if and only if i;g = for v E 
TgGu{-§^)- But as ^ is homogeneous, for each v there is a Z E g such that 
V = Z{gGu) where Z : — > T[-^) is the infinitesimal generator of the action 

A corresponding to Z . Consider also the infinitesimal generator Z : g — > Tg 
of the adjoint action corresponding to Z. Since the injective immersion p is 
equivariant with respect to the action A and Ad the following holds: Z o p = 
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Tp o Z. But then the following is valid: 

v{q) = Z{q)\gGu=Z{Qop)\gG„ 

= {TpZ)\gGuQ = {Zop)\gGuQ 
= (J-^\t=o{Ad{exptZ)X)^Q 

= ^ |t=o Q{Ad{exptZ)X) 

= ^ |t=o 5^.(e.p,^)x {AdiexptZ)X, Ad{exptZ)X) 

= gx{[Z,X\,X)+gx {X, [Z, X\ ) + 2Cx{ [Z, X\,X,X) 

= 2gx{[Z,X],X), 

where Cx is the Cartan tensor of F at X. It follows from the homogeneity of F 
that Cx{[Z,X],X,X) = 0. Since the map a : g — > TgGu{^), Z — > Z{gGu) 
is an epimorphism, the assertion of the theorem follows. □ 

Corollary 4.2 Let G he a compact connected semi-simple Lie group and F a 
Minkowski norm on its Lie algebra q. Then each orbit of the adjoint action 
Ad : G X g — > g contains at least two geodesic vectors. 

Proof: Consider an orbit G{X) of the adjoint action, the corresponding coset 
manifold ^ and the injective immersion p : ^ — > g. Since G is compact 
and semi-simple then the manifold becomes compact, and the restricted 
Minkowski norm q = Q o p : ^ — > R has at least two critical points. □ 

The following corollary is a consequence of the preceding corollary. Two geodesies 
arc considered different if their images are different. 

Corollary 4.3 Let G be compact connected semi-simple Lie group of rank > 2 
and F a Minkowski norm on its Lie algebra. Then the left-invariant Finsler 
metric F induced by F on G has infinitely many homogeneous geodesic issuing 
from the identity element. 

Proof: The proof is similar to the Riemannian case, so we omit it [25]. □ 



5 Some examples 

Exeimple 5.1 
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Let G be a three-dimensional connected Lie group endowed with a left-invariant 

Ricmannian metric a. 

1. Let G be an unimodular Lie group. According to a result due to J. 
Milnor (see[20, Theorem 4.3, p. 305], [17]) there exist an orthonormal ba- 
sis {ei, 62, 63} of the Lie algebra q such that 

[ei, 62] = A363, [62, 63] = A161, [63, ei] = A262. 

Let F be a left invariant Randers metric on G defined by the Riemannian 
metric a and the vector field X = eei, < e < 1 i.e. 



F{P^ y) = \l ap{y, y) + ap{X, y). 

We note, by using Theorem 3.6, that (G, F) is not of the Berwald type. 
We want to describe all geodesic vectors of (G, F). 
For s,t€ R 

F'^{y + su + tv) = a{y + su + tv,y + su + tv) +'a^{X,y + su + tv) 
+2-\/a{y + su + tv,y + su + tv)a{X, y + su + tv) 

By definition 

1 

So by a direct computation we get 

gy{u,v) = a{u,v) + a{X,u)a{X,v) 

a{v, y)a{u, y)a{X, y) 

a{y,y)Va{y?y) 

a{X, u)a{v, y) 
\/a{y,y) 



a{u,v)a{X,y) 
^Ja{y, y) 

a{X,v)a{u,y) 
\/a{y, y) 



So for all ^ e we have 

gy{y,[y,z]) = a{x+ (7) 

V V y) J 

Using Theorem 3.2 and (7) we can check easily that ei is a geodesic vector. 
By using Theorem 3.2 and (7) a vector y = yiei + 2/262 + 2/363 of is a 
geodesic vector if and only if 

-/ , 2/161 +2/262 +2/363 r , , An 

a 661 H , ^ 2 ^ ' ^^1^1 + 2/262 + 2/363, ej\ = 

V V 2/1 + 2/2 + 2/3 / 
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for each j = 1, 2, 3. 
So we get : 

(A2 - \s)y2yi = 0, 

-ey^Xi . „ „ ^ViV^M + , „ ^ „ =^yiy3M = 0, 

V 2/1 + ^2 + 2/3 V 2/1 +2/2+2/3 

-e2/2Ai + . ^ „ =yiy2Xi =====yi?/2A2 = 0. 

Vvi + yi + yi Vvi + yi + yi 

As a special case, if Ai = A2 = A3 7^ we conclude that all geodesic 
vectors y are those from the set Span{ei}. Consequently, there is only 

one homogeneous geodesic. 

2. Let G be a non-unimodular Lie group. According to a result due to J. 
Milnor (see[20. Lemma 4.10, p. 309], [17]) there exists an orthogonal basis 
{ei, 62, 63} of the Lie algebra g such that 

[61,62] = ae2 +/3e3, [62,63] = 0, [61, 63] = 762 + (563, 

where a, (3, 7, 5 are real numbers such that the matrix 

a (3 



1 <- 

has trace a + 5 = 2 and + (35 = 0. Let F be a left invariant Randers 
metric on G defined by the Riemannian metric a and the vector field 
X = eei, < e < 1. 

By using Theorem 3.2 and (7), a vector y = t/iei + 2/262 + 2/363 of g is a 
geodesic vector if and only if 

-/ , 2/161+^262+2/363 r , , ll n 

a 661 + , ^ ^ =- , [2/161 + 2/262 + 2/363, ej] = 

\ v 2/1 + 2/2 + 2/3 / 

for each j = 1, 2, 3. 

This condition leads to the system of equations 



2/2(-a2/2 - 72/3) + 2/3(-2/2/3 - Sya) = 0, 
yma + 2/12/3/3 = 0, 
2/12/27 + yiysS = 0. 

Putting a = 2,^ = 0, 7 = the above equations take the form 

22/2 (2/2 + ^2/3) = 0, 

22/1 (y2 + ^ysj = 0. 

So a vector ?/ of is a geodesic vector if and only if : 

- y G Span(ei, 63) for (3 = 0. 

- y € Span{ei) \J Span{ez) [} Span{^e2 - 63) for /3 ^ 
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